INTRODUCTION
A group G is said to be finitary linear if it acts faithfully on a vector space V over a field K in such a way that, for every g g G, the endomorphism g y 1 has finite rank. With respect to a fixed basis of V of cardinality ⌳, this gives rise to a faithful finitary representation : G ª Ž . Ž . FGL ⌳, K into the group FGL ⌳, K of all invertible matrices A of type ⌳ = ⌳ with entries from K, and with the additional property that A y E has only finitely many non-zero columns. The representation is said to be stable if g y 1 has only finitely many non-zero entries for every g g G.
It is an open question, whether every finitary linear group has a faithful stable representation. A straightforward argument shows however, that the answer to this question is affirmative for countable groups, and that every irreducible finitary representation of a countable group is Ž w x . equivalent to a stable representation see 6, Theorem 2.1 .
It is the object of this paper to enrich the theory of finitary linear groups w x by generalizing the well-known theorem of Zalesskii and Winter 13, 12 about absolutely irreducible periodic linear groups to the finitary linear case. In the sequel, K⌳ shall always denote the canonical right Ž . FGL ⌳, K -module. Our main result is as follows. The proof of Theorem A is based on a rather formal approach, which combines an ultraproduct argument with an induction on the cardinality of G. In this setup, an improvement of the theorem of Zalesskii and Winter, w x which can be obtained from a well-known theorem of Brauer 2 , is used locally. In certain cases it is possible to deduce slightly better results directly from the known structure theorems about finitary linear groups. Hence, Theorem A finds its major justification in the non-linear primiw tive modular case. In this case, the commutator subgroup is simple 14, x Theorem B . Note also, that proper systems of imprimitivity may arise w x from ascending subgroups 7, Theorem 7.6 , and that periodic irreducible finitary linear groups over fields of positive and coprime characteristic are w x always imprimitive 9, Propositions 2 and 3 provided that they act on an infinite-dimensional vector space.
THEOREM B. With the assumptions and notation of Theorem
Theorems A and B have an immediate consequence concerning the size of periodic finitary linear groups. 
Since F contains ⌳ 2 linearly independent elements, it follows that g y g g
Let ⌫ be the set of all such , and let ⌳ be the join of ⌫ with the set
Ž . , and choose minimal with respect to 
there exists F g ⌺ such that F F F and V :¨и KF . Let C be a
F -composition series in V s V , and let W rU be the factor in C with
Since V is finite-dimensional, there is a minimal r G 0 such that
we may assume without loss that the series 0
FV lNFV has non-trivial factors. Because V F W we then have
We shall now show by inverse induction over i g r, r y 1, . . . , 0 that, with respect to a suitable choice of basis, the action of F on W rN is Ž . consider the decomposition ) . Since W l N / 0, and since W rU
sures that F acts by ᑥ-matrices on W l N with respect to a suitable iy1 i basis B . Let B be a basis of U . Since V F KB q KB , there is a basis of X which yields a representation of F on X by ᑥ-matrices. This completes the induction.
We finally obtain a basis of W which allows a representation of F on W r r by ᑥ-matrices. Since V F W , we can extend this basis to a basis of V 
ULTRAPRODUCTS
A set ⌽ of subsets of the set I is said to be a filter on I, if the following conditions are satisfied:
It is a straightforward consequence of Zorn's Lemma, that every filter on I is contained in an ultrafilter on I, that is, a filter with the additional property that for every X : I, either X g ⌽ or I _ X g ⌽. Ä 4 Suppose now that S N i g I is a family of non-empty sets. Then every i ultrafilter ⌽ on I leads to an equivalence relation ; on Ł S via 
Then W is a vector space over the field L, and P is a group of L-automorphisms of W. Identify K with the diagonal of L, and identify every¨g V with¨i
R
Then the finitary representations , of G on V s K⌬ are equivalent to the finitary representations , :
g s g where g s resp.
Ž . 
An application of Lemma 3.1 now yields
V,F , and so We are now well-prepared for the proof of the countable version of Theorem A. 
Start with c s a , and suppose that c has been found. Then the Ž . Ž .
SMOOTH ASCENDING CHAINS

In this section we shall work under the assumptions made at the beginning of Section 2. Moreo¨er, we shall always assume now that G is uncountable of
Ž . cardinality . An ascending chain of sets X ␣ -is said to be smooth,
X for all limit ordinals -. We are now going to ␣ -␣ approximate the group G by a smooth ascending chain of infinite irreducible subgroups of smaller cardinalities. The arguments in this process w x are an extension of the method introduced in 9, Section 6.3 . 
ggL ⌬ for all g ⌬ and all g g H . The smallest algebraically
Because ⌫ : ⌬ , the group H acts faithfully on V .
is a faithful irreducible LH-module of cardinality F . Moreover, since L w x is algebraically closed, it follows from 5 that the KH-module K⌬ is irreducible too. 
⌳ . If on the other hand ␣ is a limit ordinal, it just remains to show that
of V , in contradiction to the irreducibility of V .
␤ ␤
For the proof of Theorem A, we need a final technicality.
LEMMA 4.4. Let G be any group, let LrK be any field extension, and let V and W be KG-modules such that V is irreducible. If there exists a non-zero
LG
Since V is an irreducible KG-module, we infer that ker ␤ s 0.
PROOF OF THEOREM A
Again we shall suppress . Because of Proposition 3.3 we may assume without loss that G is uncountable of cardinality . Choose smooth Ä 4 Ä 4 ascending chains G and ⌳ as in Proposition 4.3. By
transfinite induction we may assume that Theorem A holds for every group of cardinality -. In particular, there exist irreducible ᑥG -mod- 
From Lemma 4.4 we obtain a ᑥG -monomorphism : W ª M . Identifi- every ␤ -␣, K⌬ is G -and G -invariant, and such that there exists extends to a basis B of K⌳ with respect to which the wreath product becomes a stable matrix group over ᑥ.
PROOF OF THEOREM C
From passing to the algebraic closure of K we may assume without loss Ž . that K is algebraically closed. Consider any K G -composition series C in V s K⌳. The finitary representation induces a finitary representation of G on the direct sum of the factors of the series C. The kernel of w x this latter representation coincides with N by 8, Theorem B . Moreover, the number of the factors in C is at most ⌳. Therefore, it suffices to consider the case when is irreducible. From Theorem A we may then also assume that K is countable. If Char K s 0, if ⌳ is infinite, and if G is primitive, then G has cardinality ⌳ as a transitive group of finitary Ž . permutations cf. proof of Theorem B . And in all other instances of case Ž . w x b , is stable by Theorem B and 9, Propositions 2 and 3 .
Let ⌺ be the set of all finite subsets of ⌳. For every ⌳ g ⌺, let G be
the set of all g g G such that the non-zero entries of g y 1 lie in the Ž Ž . . columns corresponding to ⌳ resp. in the restricted matrix g y 1 N . Consider an irreducible N-submodule U of V, on which N acts non-trivw x w x ially. Choose h g N such that U, h / 0. Since N is abelian, U, h is an w x w N-submodule of U, whence U s U, h is finite-dimensional. From 9, x Lemma 14 , the N-homogeneous components of V are then finite-dimensional too, and they form a proper system of imprimitivity in V under the action of G. Therefore Theorem B implies that there exists a faithful Ž . stable representation G ª FGL / , ᑥ . In particular, G is countable. 
